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BIFURCATION OF PLANE-TO-PLANE MAP-GERMS 
WITH CORANK TWO OF PARABOLIC TYPE 

TOSHIKI YOSHIDA, YUTARO KABATA, AND TORU OHMOTO 


Abstract. There is a unique A-moduli stratum of plane-to-plane germs 
which forms an open dense subset in the /C-orbit of l 2,3 '■ + y^,xy). 

We describe explicitly the bifurcation diagram of its topologically Re¬ 
versal unfolding. Two geometric applications to parabolic crosscaps and 
parabolic umbilic are presented. 


1. Introduction 


The bifurcation diagram of a family of smooth functions or mappings 
takes a fundamental role in Catastrophe Theory - by definition it is the 
locus in the parameter space at which the corresponding function fails to 
be structurally stable, Along the locus, qualitative changes of the function 
occur. In this paper, we deal with generic families of plane-to-plane maps 
with at most 3-parameters within the A-classification theory [A denotes the 
equivalence of map-germs via the action of diffeomerphism-germs of source 
and target). 

Bifurcation diagrams for A-types of corank one germs can be found in 
several literatures; Arnold-Platonova mm. Rieger ED [22], Gibson-Hobbs 
[9] and Aicardi-Ohmoto |16j . In contrast, for corank two germs (Table 
below), there had been very few known diagrams until quite recently. The 
case of deltoid is easy, while other cases may require a lot of computations; 
The bifurcation diagrams for types sharksfin and odd-shaped sharksfin were 
first presented rigorously in [28[ [29], that will partly be summarized in §3 
(Fig|^ [^. The remaining case in codimension 3 is the A-moduli stratum 
in the /C-orbit of the germ / 2,3 ; -|- y^,xy)] the /C-orbit has a unique 

topological A-type (Rieger-Ruas [23] , Gaffney-Mond [8]). Our main purpose 
is to compute and describe explicitly its bifurcation diagram in the same way 
as ESIES] (Theorem 3.1 and Figj^. Note that the structure of nearby JC- 
orbits has been known in 70’s by Lander |14[ §5.5]. In this paper we go 
further to find the finer structure of local and multi-A-types appearing in 
the topologically Ae-versal unfolding of type 12 , 3 . 
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Figure 1. Apparent contour of 12,3 and projection of parabolic crosscap 


cod 

type 

normal form 

2 

I 22 (sharksfin) 

1/2 2 (deltoid) 

(x^ -b -b x^) 

(x^ — y^ -b x^, xy) 

3 

/2 2 (odd-shaped sharksfin) 
-^ 2,3 (M-moduli) 

(x^ -b y^, y^ -b x^) 

(x^ -b y^ -b axy^ -b /3y"^ -b • • 

• :xy) 


Table 1. Corank two germs with Ae-codim. <3. 


In the last half of this paper, we discuss applications to ‘parabolic objects’ 
in several geometric settings. The key idea of our approach is as follows: 
We first reformulate the problem in terms of ^-singularity types arising in 
some family of plane-to-plane maps naturally associated to the setting, and 
then embed the family into our C'^-versal unfolding of / 2 , 3 - That may yield 
a 2-dimensional section of our bifurcation diagram in the parameter 3-space, 
from which one can deduce some topological nature of bifurcations of the 
parabolic object under consideration. For instance, the germ of type 12,3 
naturally appears in the parallel projection of a parabolic crosscap to the 
plane along the tangent line at the crosscap point (Fig{^ right). Our result 
provides a new insight into differential geometry of parabolic crosscaps in 
(cf. Nuho-Ballesteros and Tari [15], Oliver |17ji. In geometric optics or 
symplectic geometry, the singularity of 12,3 is realized as a planar caustics 
of parabolic umbilic type D^, which is one of most favorite singularities in 
R. Thom [27|. In Appendix, we apply our result to this setting and discuss 
generic 2-parameter ‘perestroikas’ of planar caustics. 

The authors thank the organizers of Japanese-Brazilian workshop on sin¬ 
gularities (RIMS, 2013); it was a nice opportunity to discuss the problem 
dealt in this paper with several experts. The third author is partly supported 
by JSPS grant no.23654028. 

2. Recognition of M-types of corank one germs 

2.1. M-classification. C°° map-germs f,g : M^,0 — >■ M^,0 are A-equivalent 
if there is a pair (cj, r) of diffeomorphism germs of source and target planes 
at the origins so that g = to f oa~^ . We say / is M-simple if the cardinality 
of nearby M-orbits is finite (otherwise, / belongs to an A-modulus, i.e., some 
continuous family of M-orbits). The corank of / means dimkerd/(0). Let 
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TAe-f denote the extended ^-tangent space of /, then the Ae-codimension 
of f is defined by dim^9{f)/TAe-f] that is the smallest number of param¬ 
eters required for constructing its ^e-versal unfolding (such an unfolding 
is called to be (^e-)miniversal). Equivalently, a singularity type of Ae- 
codimension < r means that it generically appears in r-parameter families 
of maps. In particular, / is a stable germ if and only if its ^g-codimension 
is 0. As for the A-classification of plane-to-plane germs, see Rieger [20] (for 
corank 1 germs) and Rieger-Ruas [23| (for corank 2 germs). 

Let / : M^,0 —)• M^,0 be a germ of Ag-codimension s, and F an Ae- 
miniversal unfolding of /. Take a good representative F : [/ x IT —)• x W, 
where 17 C are IT C M* are sufficiently small open neighborhoods of 
origins, and consider a map Fx : U ^ M? for each A G IT. For general 
A, the map Fx is stable, that is, Fx has only singularities of type fold, cusp 
and double folds (bi-germ). The bifurcation diagram Bp is defined to be the 
locus consisting of A so that Fx has unstable (mono/multi)-singularities at 
some points in U. In particular, Bp is stratified according to local and multi¬ 
singularity types of germs with Ag-codimension less than s. For instance, all 
local and multi singularity types of Ag-codimension 1 are presented in Figj^ 
and local singularity types of codimension 2 are depicted in Figj^ (corank 
one) and Figj^ (corank two); Besides, there are 15 types of multi-singularities 
of codimension 2 (some combinations of codimension one singularities), see 

m- 

2.2. A-recognition and geometric criteria. To find an explicit equation 
for each stratum va. Bp, there is a useful tool [saiis]. Given a map-germ 
/ = (/i,/ 2 ) : M^,0 —7- M^,0 of corank one, we want to determine which 
A-type the germ / belongs to. Let us take 

• the Jacobian X{x,y) := 

• arbitrary non-zero vector field r/ = rji(x,y)^ + r] 2 {x,y)^ near the 
origin which spans kerd/ at any singular points A = 0: 

We put rj^g = g{g^~^{g)) for any function g{x,y). Additionally, if the 
Hessian matrix Ha of A at 0 has rank one, let 0 be a vector held so that 
0(0) spans ker Ha( 0). Then a geometric characterization of each A-type with 
Ag-codimension < 2 is described in terms of A and g (and 9) as in Table 
(see m, for A-types with higher codimension). 

3. Corank two singularities 

3.1. Sharksfin and odd-shaped sharksfin. In Rieger-Ruas |23|, A-simple 
germs of corank 2 have been classihed. As seen before (Table [^, there are 
four types in codimension < 3, one of which is not A-simple, that is the mod¬ 
uli of type / 2 , 3 . The case of deltoid is easy: the bifurcation diagram consists 
only of the origin in the parameter plane, i.e., the singularity type has only 
adjacencies of fold and cusps, and no other local and multi-singularities; 
any small perturbation of this type produces a ‘deltoid-shaped’ apparent 



4 


T. YOSHIDA, Y. KABATA, AND T. OHMOTO 


fold 

r?A(0) / 0 

cusp 

d\{0) / 0, r/A(0) = 0, r/2A(0) / 0 

swallowtail 

dA(0) / 0, r/A(0) = r?^A(0) = 0, r/^A(0) / 0 

lips 

dX{0) = 0, detHA(O) > 0 

beaks 

dX{0) = 0, detHA(O) < 0, r/^A(0) ^ 0 

butterfly 

dA(0) / 0, r/A(0) = r?^A(0) = r?^A(0) = 0, r/4A(0) / 0 

gulls 

dX{0) = 0, detHA(O) < 0, ?7^A(0) = 0, r/^A(0) ^ 0 

goose 

dX{0) = 0, rkHA(O) = 1, 7]‘^X{0) / O,03a(O) / 0. 


Table 2. Criteria (of jets) of ^-orbits 


0 


o 








Figure 2. Apparent contour of germs with Ae-codimension 1 
m- local singularity types are of lips, beaks, swallowtail (left), 
and multi-singularity types are of tacnode folds, cusp-|-fold, triple 
folds (right). 



Figure 3. Bifurcation diagrams of singularities with corank one 
of Ae-codimension 2: goose {x,y^+x^y), butterfly {x, xy+y^+ y^), 
gulls {x,xy^ + y'^ + y^). 


contour with three cusps (Figj^ left). On the other hand, the bifurcation 
diagrams of sharksfin and odd-shaped sharksfin had been unclear for a long 
time [I2l[28l[29j. 

















BIFURCATION OF PARABOLIC MAP-GERMS 


5 



Figure 4. Bifurcation diagrams of singularities with corank two 
of ^e-codimension 2: deltoid (x^ — iP' xy) and sharksfin (x^ + 

y\y^+x-)mm 



tacnode 


beaks 


swallowtail 


Figure 5. Bifurcation diagrams of odd-sharksfin [53] 

3.1.1. Sharksfin. Let us consider the following miniversal unfolding of 
(1) F{x, y, a, b) = (x^ + + ay, y^ + x^-h bx). 

In the parameter a6-plane, the bifurcation diagram Bp consists of four 
smooth curve-germs at the origin (for the swallowtail, it is computed up 
to degree 9 in [28]i: 
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Beaks: a = 0 and 6 = 0 

Swallowtail: a = ^ 6 “^ + + o(9) and 6 = + o(9). 

3.1.2. Odd-shaped sharksfin. Let ns consider the following miniversal 
unfolding of 

(2) F{x, y, a, b, c) = (x^ + + cy^ + ay, y'^ + + bx). 

The 3D picture of Bp is drawn in Figj^ Although it is too hard to find an 
explicit form of the defining equation for the swallowtail stratum, we know 
how to draw it from the information about the bifurcation diagrams of types 
sharksfin and gulls. 


Beaks: 

Swallowtail: 


Tacnode: 

Gulls: 


0 = 0 and 6 = 0 

two smooth surfaces tangent to a 6 = 0 along c-axis 
with 4-point contact, one of which is tangent to o = 0 
along the 6 -axis with 3-point contact. 

4a = (c < 0) 

6 -axis 


3.2. Bifurcation diagram of type 12 ^ 3 . It is known that the gerrcQ 

h ,3 ■ {x,y) ^ {x'^ + y^,xy) 

is ^-finite, and is not ^-simple - it belongs to a moduli stratum of ^-orbits 
of the form (x^ + 2 /^ + axy'^ + fiy^ + • • • , xy) with the modality > 2 , see 
Rieger-Ruas [23]. Furthermore, as noted in Gaffney-Mond jH] Ex.5.11], any 
.A-finite germ contained in the /C-orbit is obtained by adding some higher 
terms to this germ, and hence the germ is topologically A.-equivalent to 
- 12,3 by a theorem of J. Damon, i.e., the /C-orbit has a unique topologically 
A,-type in its open dense subset. In other words, in the larger parameter 
space of an A.e-miniversal unfolding of the A.-finite germ 72 , 3 ) the bifurcation 
diagram is Whitney regular along the A.-moduli stratum. Therefore for our 
purpose, it suffices to take the following form of an unfolding of A.-type 12,3 
which corresponds to a normal slice to the stratum: 

(3) G{x, y, a, 6, c) = (x^ + y^ + ax + by + cy'^, xy). 

Namely, even if we add some terms xy^,y^, • • • to the hrst component, the 
unfolding remains to be transverse to the stratum in the space of all germs 
(or jets), and thus the bifurcation diagram is topologically the same by 
Thom’s isotopy lemma. 

Note that G is just a stable unfolding of /C-type of 12 , 3 : The structure of 
nearby /C-orbits was well investigated in Lander’s paper dl, in which the 
loci of swallowtail and butterfly of Bg are presented in an explicit form. Our 
first aim is to describe precisely all the strata of the bifurcation diagram Bg 
for local and multi A,-types. 

^ Usually Mather’s notation 72,3 is used for the Af-orbit, but in this paper we use it for 
this particular map-germ. 
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Theorem 3.1. Let G he the topologically Ae-versal unfolding ^ of l2,3- 
Then the bifurcation diagram Bq consists of three components corresponding 
to types beaks-lips, swallowtail and cusp+fold, as drawn in Fig^ Each 
stratum is explicitly parametrized as follows. For the complement to Bg, 
apparent contours of corresponding stable maps are drawn in 


Sharksfin 

Deltoid 

Beaks/Lips; 


c-axis with c > 0 
c-axis with c < 0 

the surface with A 3 -singularity at the origin whose 
double point curve is the locus of sharksfin; parametrized by 
(a, b, c) = {±4:y^/c + 3y, -y{4:C + 9y),c) 


Goose. 

Swallowtail.’ 


the cuspidal edge of the beaks/lips locus parametrized by 
|c^, c) with c> 0 

the surface which contains the a-axis and the sharksfin locus; 
parametrized by 

(a, b, c) = (±y(4c + 15y)(c + 4y)-^/‘^, -2y{2c + 5y), c) 


Butterfly; 

Cusp+Fold; 


the cuspidal edge of the swallowtail locus parametrized by 
|c^, c) with c > 0 

the surface with A 3 -singularity at the origin whose 
cuspidal edge is the butterfly locus; parametrized by 
(a, b, c) = (±^/=y(3c + 5y), {{c^ - 6 cy - I5y^),c) {y < 0) 


Remark 3.2. It is remarkable that the odd-shaped sharksfin has the ad¬ 
jacency of gulls, but not butterfly and goose, while the type of 12,3 has 
the adjacencies of butterfly and goose, but not gulls. That completes the 
adjacency diagrams among ^-orbits of ^e-codimension < 3 as in Figj^ (it 
corrects §3 of [23]). We follow the notation used in |20| for each ^-type. 



Figure 6. Adjacencies of local singularities up to A-cod. < 5 
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Figure 7. The bifurcation diagram in the parameter 3-space 
consists of three ‘doggies’ components, beaks-lips locus (left), swal¬ 
lowtail locus (center), cusp-1-fold locus (right), and a ‘doggie’s tail’ 
component (one half of the c-axis with c < 0) which is the deltoid 
locus. The picture of the swallowtail locus coincides with Fig.3 in 
Lander [14] (but from a different viewpoint). 


Proof : To obtain above parameterizations we use the criteria in Table 
For the unfolding given by (©> put 


A 


2x + a 

y 


-b 2cy + b 


and take 

d d 

ox oy 

where (x,y) / (0,0), otherwise y = -(3y^ -b 2cy + b)-^ + {2x + a)-§^. 

To see the loci of sharksfin and deltoid is easy: x = y = a = b = 0{c^0). 
The sharksfin (resp. the deltoid) corresponds to c > 0 (resp. c < 0). 

The beaks/lips locus is defined by 

= a -b 4x = 0, = -b- Acy - = 0. 
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Figure 8. Sections of the bifurcation diagram with the plane 
c = const, (positive, zero, negative, from left to right). The loci of 
beaks and swallowtail are very close to each other in a large part, 
where they are depicted to be overlapped. See Fig. 

Solve a, b in x, y, c and substitute them into A = 0, then we have x = 
±y\/c”+~3y (thus in xyc-space it forms a crosscap = y^(c + 3y)). This 
equality gives the above parametrization of a = a{c,y) and b = b{c,y). 
The picture of this locus is depicted in Figj^ (left): It has a transverse 
self-intersection along the sharksfin locus. The defining equation is given by 

2430^^ -b (256 c 3 - 8646c) -b 7686^ - 2566^0^ = 0. 

The strata of type lips and the beaks are separated by the goose curve; 
From the criteria (Table [^, we check = 0 additionally; that implies 
y = — |c (c > 0), and hence the above parametrization is obtained. The 
goose curve is actually the cuspidal edge of the singular surface, which looks 
like the first doggies “ears”. The lips part is the “head”. The gulls type 
does not appear, since = 0 implies x = y = a = b = 0. 

The swallowtail locus is defined by 

X = rjX = rfX = 0. 

It is solved as follows. The computation is essentially the same as in Lander 
[m §5.5], since G is a stable unfolding of /C-type of 12 , 3 • By A = yA = 0, we 
have 

a = y(- 2 x 2 + by + 2cy^ + 3y^), b = -^{x^ + 2>cy‘^ + 6 y^), 

unless xy = 0 , and then rj^X = 0 leads to x = ±y^/(^+~^y (thus in xyc-space 
it forms a crosscap). This yields the above parameterization. Notice that 
the limit as c, y —)■ 0 is the a-axis; In fact, if x = 0 or y = 0, three equations 
imply x = y = 6 = c = 0, hence the a-axis belongs to this locus. The 
defining equation of the locus is 

800^^ (86 - 3c^) - 80 ^ (2856^0 - 1926c^ -b 32c^) -b 6 ^ (456 - IGc^)^ = 0, 

and the picture is FigJ^ (center). It has a transverse self-intersection along 
the sharksfin locus: The beaks and the swallowtail loci have 4-point contact 
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Figure 9. Bifurcation of apparent contours of map-germs corre¬ 
sponding to sections in Fig. (left and right). 
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along this half line, that is verihed by the bifurcation diagram of the sharks- 
fin. For the butterfly, we add one more equation = —2Ay^{c + 5y) = 0, 
that implies y = —c/5 (c > 0); The butterfly curve also looks “ears” of the 
second doggie, i.e., it is the cuspidal edge of the locus of swallowtail. 

The locus of cusp + fold (bi-germ) must appear, since it is adjacent to 
the butterfly. The equations are: 

xy = XY, ax + + by + cy"^ + = aX + + bY + cY‘^ + Y^, 

X{x,y) = X{X,Y) = 0, qX{x,y) = 0. 

We can eliminate a, b by the third and fourth equations A = 0; then the 
second equation gives X = ±.y^J~c+~2(y~+Y), and hence the last equation 
eliminates x, then Y = —^{c + 3y). Thus we can express a,b,x using 
variables c,y. The parametrization leads to Figj^ (left). This third doggie 
also has “ears” along the butterfly curve, as same as the second one does. 
The defining equation is 

18225a^ + 14580a®- 540^^ {l275b‘^c^ - 49c®) 

-M08a2 (5006'‘c - 15b'^c^ - c^) - (166^ - c"^) (c^ - 256^)^ = 0. 

In a similar way as seen above, direct computations show that no other 
multi-singularity strata appear. □ 

4. Parallel projection of parabolic crosscaps 

4.1. Projection of smooth surface in 3-space. We begin with projecting 
a smooth surface to the plane. Let M be a fixed smooth surface in M^, and 
: —)• a linear projection with the kernel line £ C M®, then the 

restriction : M —)■ is called a parallel projection of M along the 

direction i. When f varies, it defines locally a family of plane-to-plane 
maps with two parameters; V. I. Arnold mm and W. Bruce [1] classified 
singularities of the parallel projection for an appropriately generic surface 
up to the A-equivalence defined by local diffeomorphisms of M and the 
target (the screen). Such a generic surface is stratified according to the 
local singularity types of the projection. In particular, there are two major 
characteristic curves on M: 

- The parabolic curve consists of points where the Gaussian curvature 
vanishes; At each point there is only one asymptotic line, and the 
parallel projection along the asymptotic line admits the lips and the 
beaks or more degenerate singularity. 

- The flecnodal curve consists of points where an asymptotic line has at 
least 4-point contact with the surface; or equivalently, points where 
the Pick invariant vanishes; the parallel projection along the asymp¬ 
totic line has the swallowtail or more degenerate singularity. 

Note that these two curves meet tangentially at some isolated points, called 
the godrons, where the projection admits the gulls singularity. 
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Furthermore, not fixing a generic surface, we may consider a generic 1- 
parameter family of embeddings a '■ M ^ {t £ I, where I is an open 
interval); In relation with an application to Computer Vision, J. Rieger [22j 
studied singularities arising in the family o with three parameters i 
and t, and showed that all singularity types of ^e-codimension < 3 arise 
generically. 

Remark 4.1. In relation with projective geometry of surfaces, singulari¬ 
ties in the central projection from arbitrary viewpoint has been studied by 
Arnold et al HlEllllllo]. For central projections of a moving surface, see 
Kabata m- The classification of singularities for central projections be¬ 
comes slightly different from that for parallel projections. For instance, the 
goose singularity appears in parallel projection at some isolated parabolic 
points in a generic surface, while the singularity type always arises in cen¬ 
tral projection at any parabolic point, when viewing it from some special 
viewpoint lying on the asymptotic line (Note that the parallel projection 
corresponds to the central projection with the viewpoint at infinity). In this 
paper we only consider the parallel projection. 

4.2. Projection of crosscaps in 3-space. As a generalization, J. West 
|25j considered singularities of parallel projection II^ o i : M —)• where 

r : M —>■ is a smooth map having crosscaps. That is the (unique) locally 
stable singularity type, and if one take suitable local coordinates of source 
and target, the map-germ is written by (y, xy, x^). Since we are discussing 
the affine or flat geometry of the singular surface in the ambient coor¬ 
dinate changes should be only affine transformation of M^, then the affine 
normal form is given by 

(4) i(x, y) = (y, xy -h y(x), x^ -b ay^ + (fix, y)) 

for a constant a, y(x) = d 4 X^ + h.o.t. and (fix, y) = coay^ + ci 2 xy^ -!-••• 
([25]). We call it an elliptic, hyperbolic and parabolic crosscap, when a > 0, 
a < 0, a = 0, respectively. Obviously, when projecting the crosscap along 
its image tangent line i = dtiTMx^), the germ of II^ o t at xq is of corank 2. 

Theorem 4.2. (Parabolic curve [25( Chap.5]) The parabolic curve does 
not approach to any hyperbolic crosscap, while there are two smooth branches 
of parabolic curve approaching to any elliptic crosscap. For generic l : M ^ 
in the space of all maps having crosscaps, the singular germ II^ o r of 
corank 2 is A-equivalent to either the sharksfin or the deltoid in Table [I] 
(then we call it a generic elliptic or hyperbolic crosscap). 

On the other hand, it seems that the flecnodal curve on the singular 
surface with crosscap had not been taken attention. In our previous paper, 
we showed that 

Theorem 4.3. (Flecnodal curve |29l Thm. 1.3, 1.4]) The flecnodal curve 
does not approach to any hyperbolic crosscap, while there are two smooth 
branches of flecnodal curve approaching to any elliptic crosscap. Assume 
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degenerate elliptic crosscap 



Figure 10. Bifurcation of degenerate elliptic crosscap [33]. The 
upper pictures depict the bifurcation of the parabolic/flecnodal 
curves on the singular surface in 3-space, while the lower pic¬ 
tures depict the corresponding loci in the source space of the 
parametrization (the dotted curve is the double point locus in the 
source). In the source, the degenerate crosscap (center) has a pair 
of branches of parabolic/flecnodal curves with 5-point contact. It 
is deformed into a generic elliptic crosscap (where two curves has 
3-point contact) and a godron (2-point contact). 

that i has an elliptic crosscap at xq G M . Then, in the source space, each 
branch of the flecnodal curve is tangent to a branch of the parabolic curve 
with odd contact order at xq; In particular, both pairs of branches have 3- 
point contact if and only if the singular projection o t is of type sharksfin 
(i.e, it is a generic elliptic crosscap). 

Now let us discuss a singular version of Rieger’s observation on the projec¬ 
tion of a moving surface |2T]; Parallel projections of one-parameter families 
of crosscaps should be related to corank two map-germs of ^e-codimension 
3. We obtain the following theorem: 

Theorem 4.4. (Projection of non-generic crosscap) For a generic 
one-parameter family M x I ^ {x,t) i—)• it{x) of smooth maps hav¬ 

ing crosscaps (for all t), the germ of parallel projection II^ o ig : M —)• 
admits the odd-shaped sharksfin and the type 0 / 12 , 3 . The bifurcation of par¬ 
abolic/flecnodal curves on the singular surface with respect to the parameter 
t are described in Fig\T^ and Figin\ 

Proof : In the assertion has been proved for the case of odd-shaped 
sharksfin, i.e., projecting the least non-generic elliptic crosscaps in the sense 
mentioned above. Here we deal with the case of 12 , 3 , i.e., projecting parabolic 
crosscaps. 

Suppose that we are given a smooth map r : M —>■ with a parabolic 
crosscap at xq = (0,0). A generic 1-parameter deformation tt : M —)• of 
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Figure 11. Bifurcation of parabolic crosscap. The bifurcation 
of the parabolic curve in source is given by a 1-parameter family 
of sections of a crosscap (cf. Nuho-Ballesteros-Tari [H]). The 
flecnodal curve locally consists of two irreducible analytic branches. 
Deforming the parabolic crosscap, there appear a generic elliptic 
crosscap, two points of type goose, and two points of type butterfly, 
otherwise a hyperbolic crosscap and a double point of the flecnodal 
curve. The corresponding bifurcation diagram in the parameter 
space of view-lines I is the same as Figj^ 


lq = L {t sufficiently small) may be written as 

(5) it{x, y) = {y, xy -b g{x, y, t),x^ + ty‘^ + (j){x, y, t)) , 

where for each t fixed, j'^g{ 0 ) = 0, j‘^ 4 >{ 0 ) = 0 and g{x, y, 0) does not depend 
on y, via source coordinate changes and an affine transformation of target 
depending on t (cf. [171 Prop. 4.1], [IS]). The image tangent line at the 
parabolic crosscap is generated by (1,0,0), and we put t/ = of lines £ 
generated by (1, v, w). The parallel projection of the singular surface Lt{M) 
along I defines a family of smooth maps (/9:Mxt/xM—>-M^by 

(^(x, y, V, w, t) = {xy - vy + g{x, y, t),x^ -b ty"^ - wy + (j){x, y, t)) . 

For general choices of g, (j) such as cj) = cosy^ + • • • (cos / 0) etc, the plane-to- 
plane germ if{x, y, 0,0,0) is /C-equivalent to £ 2,3 and if{x, y, v, w, t) is a stable 
unfolding of this singularity type. Hence, generically, (p can be regarded 
as a topologically versal unfolding of some germ belonging to the .A-moduli 
stratum of type £ 2,3 (cf. Gaffney-Mond (Hj). Thus the bifurcation diagram of 
p is obtained by a slightly modified Bg in FigJ^- in particular, ip{x, y, v, w, 0) 
corresponds to a generic 2-dimensional section of Bq through the origin, like 
as in Fig)12[ and is homeomorphic to the middle of Figj^ As t varies from 0, 
the section bifurcates in a similar way as depicted in FigJ^ (right and left). 
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Figure 12. A generic plane section of Bq though the origin. 


We have just seen the bifurcation of singular view-direction parameters 
(u, v) with respect to t, and now let us turn to see bifurcations of the par¬ 
abolic curve and the flecnodal curve on the singular surface. Since we are 
interested in the topological type, we take at first a typical one of the form 

y) = (y, xy, + ty"^ + y^) 


i.e., g = 0, (j) = y^. The parallel projection (p described above is equivalent 
to G in Q via the coordinate changes (x, y) = {x — v, y) of the source and 
{X,Y) = {X,Y — of the target together with {a,b,c) = {2v,—w,t) of 
parameters. As shown in the proof of Theorem |3.1[ the beaks-lips curve is 
given by = y‘^{c + 3y) and a = —4x, and the swallowtail curve is given 
by = y^(c -|- 4y) and a = ±y(4c -|- 15y)(c -|- 4y)“^/^. Hence substituting 
(x,y) = (x — af2,y) to these equations, parabolic and flecnodal curves are 
obtained, respectively, such as 

x"^ = y‘^{t + 3y), x‘^{t + Ay) = y‘^{t+lyf. 


When t = 0, the parabolic curve has an ordinary cusp at the origin, while 
the flecnodal curve consists of two irreducible components, an ordinary cusp 
and a line y = 0. The line is also the double point curve in this special from, 
but it is not the case in general: it can be seen that the component is tangent 
to the double-point curve at the origin. In fact, for general choices of y,</>, 
above two equations are modified by adding functions of order > 3 (with 
respect to x,y), hence the local pictures around the origin do not change 
topologically, as depicted in FigjT^ □ 

Remark 4.5. (Goose and butterfly) In FigflU for t > 0, the parabolic 
curve (black) has two parts corresponding to the beaks and the lips types 
of projection along the asymptotic line, which are separated by two points 
of goose type; the flecnodal curve (gray) has two points of type butterfly at 
which an asymptotic line has 5-point contact with the surface. For t < 0, the 
parabolic curve consists of a smooth component and an isolated point which 
is a hyperbolic crosscap, and the flecnodal curve consists of two smooth 
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components meeting each other at a point transversely where both of two 
asymptotic lines have 5-point contact with the surface. 

Remark 4.6. (Foliation of asymptotic curves) An asymptotic curve 
on a smooth surface in is by definition the integral curve of the field of 
asymptotic lines, which is described as the solution of a binary differential 
equation (Bruce-Tari [5]). All such curves form a pair of foliations on the 
hyperbolic domain and have cusp singularities at the parabolic points of 
the surface. The flecnodal curve is just the curve of inflection points of as¬ 
ymptotic curves. Near a crosscap point, the configuration of the asymptotic 
curves has been studied in Tari [26] (for elliptic and hyperbolic crosscaps) 
and Oliver [T7] (for parabolic crosscaps) - for instance, look at pictures of 
these foliations, Fig.l and Fig.9 in m, then we may experimentally trace 
the curve of inflection points of asymptotic curves, that would convince us 
of our pictures Figj^and Fig|ll|above. We will discuss somewhere in detail 
about these two different approaches using BDE and parallel projection. 

5. Appendix: Planar caustics of parabolic umbilic type 

We briefly discuss an application to the planar parabolic umbilic caustics 
(Thom |27ji. First we explain a few definitions. Let us consider the TZ~^- 
miniversal deformation of the singularity of function-germ 

TTf \ 2 I 1 4 I 92 3 2 r, 

F{x,y,iJ:i,fi2,qi,q2) ■= X y +-y +—y +—y -2nix-y2y 

(usually one uses instead of the term of y^). The catastrophe set C in 
_ ]^2 ^ -g i^y ^ ^ hence C is parametrized by 

x,y,qi,q 2 so that 

( 6 ) yi=xy, y2 = x^+ y^+ qiy + q2y^. 

The corresponding Lagrange map : C, 0 —>■ ]R"^,0 is just the projection of 
C to the parameter space, {x,y,qi,q2) i— {yi, fJ,2,qi,q2)- 

We are interested in generic 2-dimensional sections of the big-caustics (the 
critical value set of d>) in 4-space, see |29l §4.1] for a precise formulation. 
Let /? : 0 —?• M^, 0 be a submersion so that is transverse to the smooth 

level set /5“^(0) at the origin. Note that if we put St = p~^{t) for each 
t = (^ 1 )^ 2 ) £ small enough, the condition says that <l>“^(S'i) is smooth 
and the restrictions : <h“^(S't) —)• St form a 2-parameter family of Lagrange 
maps. We now describe the family of Lagrange maps simply as a family of 
plane-to-plane maps (that corresponds to the so-called caustics-equivalence). 
Since has corank 2 and p o <1> is submersive, we may assume that p is of 
the form 

ti=qi- aipi - a2P2 + 0(2), t2 = 92 - hpi - & 2 M 2 + 0(2). 

Solve qi,q 2 in terms of pi, P 2 ,ti,t 2 , and substitute them into (§, then by 
further coordinate changes of {x,y) depending on ti,t2, we see that is 
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Figure 13. Typical section of Bq with fixing the c-axis. 

^-equivalent to H : {x,y,ti,t 2 ) e-)• (iti,/U 2 ) ^ 2 ) with 

fii = xy, fj ,2 = x‘^ + y^ + aixy"^ -fi tiy + t 2 y‘^ + 0, 

where y, 0,0) = 0 and |^(x,y,0,0) = 0. For general y, we may 

think of H as an unfolding of the germ belonging to the ^-moduli of type 
/ 2 , 3 ; Then the bifurcation diagram B-e is obtained at least topologically as 
a small perturbation of the 6 c-plane section of Bg with fixing the c-axis, 
where G is the normal form of Q, see Fig]13[ Thus the topological type is 
unique as depicted in Figfldl 

In the big-caustics are only of type (y < 5), II 4 and D 5 . Each A- 
type of corank one plane-to-plane germs can be realized by planar Lagrange 
map-germs, and hence generic multi-parameter bifurcations of planar caus¬ 
tics of type are the same as bifurcation diagrams of corank one germs. 
In [29] , we have studied some topological types of bifurcatoins of planar D^- 
caustics, and generic 2 -paramter bifurcation of type II 5 has been discussed 
above. Those lead a fairly natural extension of the perestroikas (=generic 
1-parameter bifurcations) of planar caustics due to Arnold-Zakalyukin pQ. 

As an additional remark, each A-type of corank two plane-to-plane germs 
can be realized by projecting singular Lagrange surface with open Whitney 
umbrella, see Bogaevski-Ishikawa |3|. 
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